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Abstract
On the basis of the general principles of a gauge field theory the gauge theory
for the Poincare´–Weyl group is constructed. It is shown that tetrads are not true
gauge fields, but represent functions from true gauge fields: Lorentzian, translational
and dilatational ones. The equations of gauge fields which sources are an energy-
momentum tensor, orbital and spin momemta, and also a dilatational current of an
external field are obtained. A new direct interaction of the Lorentzian gauge field
with the orbital momentum of an external field appears, which describes some new
effects. Geometrical interpretation of the theory is developed and it is shown that
as a result of localization of the Poincare´–Weyl group spacetime becomes a Weyl–
Cartan space. Also the geometrical interpretation of a dilaton field as a component
of the metric tensor of a tangent space in Weyl–Cartan geometry is proposed.
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1
21. Introduction
It is well-known that the gauge treatment of physical interactions underlies modern fun-
damental physics [1], [2]. Application of the gauge approach to gravitational interactions
was developed in [3]–[4] for the Lorentz group and in [5]–[9] for the Poincare´ group (see
also reviews [10]–[14], the book [15] and the literature cited there). Nevertheless, up to
present time the interest to the gauge treatment of gravitational interaction [13]–[18] does
not weaken. However, the first gauge theory was offered yet in 1918 by Weyl (see [19]),
who introduced a gauge field appropriate to the group of changes of scales (calibres),
which were arbitrarily in each point of spacetime. Change of length scales is equivalent
in mathematical sense to expansion or compression (dilatations) of space. Connection of
the dilatation group with the Poincare´ group results in expansion of the Poincare´ group
to the Poincare´–Weyl group.
Importance of consideration of the Poianca´re–Weyl group is connected with that role,
which the Weyl’s scale symmetry plays in a quantum field theory. Violation of this
symmetry at a quantum level results in occurrence of the Weyl’s anomaly connected with
the problems of definition of contr-terms structure and asymptotic freedom in the quantum
field theory, with supersymmetry, with calculation of critical dimensions n = 26 and
n = 10 in a strings theory, with gravitational instantons, with the Hoking’s phenomenon
of evaporation of black holes, with the problems of inflation, the cosmological constant,
birthes of particles and black holes in the early universe [20]. For research of some of the
listed problems, application of known techniques of BRST-symmetry [21], [22] to Weyl’s
gauge scale transformations is used [23].
Construction of a gauge theory for the Poincare´–Weyl group was developed in [24],[25].
According to our opinion, lack of these works consists in the idea (ascending to the work of
Kibble [5]) that the gauge fields for the group of translations are tetrads haµ. This point of
view obviously contradicts the fact that gauge fields should not be transformed as tensors
at gauge transformations while the tetrads are transformed as tensor components on both
indexes: tetrad and coordinate ones. We note that in [11], [13] it was pointed out on
illegitimacy of the treatment of tetrads as gauge fields.
In the present work the construction of the gauge theory for the Poincare´–Weyl group1
is made, deprived the specified lack. In the basis of this construction there is the method
1The given extension of the Poincare´ group sometimes is named the Weyl group [24]. From our point
of view the name ‘Poincare´–Weyl group’ is more exact, as it is the locale scale transformation that is
usually connected with the concept of the Weyl’s symmetry.
3of introduction of gauge fields for the groups connected to transformations of spacetime
coordinates, developed in [6], [7], [15]. The first and the second Noether theorems are
used that allows to introduce the gauge fields, dynamically realizing the appropriate
conservation laws. In the offered approach the quantities haµ are not gauge fields, but
represent some functions from the true gauge fields. The understanding of what gauge
fields are the true potentials of a gravitational field is obviously important in view of the
realization of quantization procedure for the gravitational field understood as a gauge field
for the Poincare´–Weyl group. Besides, within the framework of general gauge procedure,
the scalar Dirac’s field [26] and the Utiyama’s ‘measure’ scalar field [27] are naturally
introduced. These scalar fields play an essential role for construction of a gravitational
field Lagrangian.
The paper is organized as follows. In section 2 the Poincare´–Weyl group and its ac-
tion on physical fields are discussed. In section 3 the Noether theorem for the Poincare´–
Weyl group is formulated and there are appropriate laws of conservation of an energy-
momentum, spin and orbital momemta, and also a dilatational current. In section 4,
following [15], four initial postulates of the theory are formulated: the principle of local
invariance, the principle of stationary action, the principle of minimality of gauge interac-
tions, and the postulate on existence of a free gauge field. In section 5 the gauge invariant
Lagrangian of the interaction of external and gauge fields is derived from main principles.
A new direct interaction of the gravitational gauge field with the orbital momentum of an
external field appears, which describes some new effects. In section 6 the gauge invariant
Lagrangian of free gauge fields and the gauge fields equations are derived. At last, in
section 7 a geometrical interpretation of the theory is made and it is found out that at
localization of the Poincare´–Weyl group there is a space with a Weyl–Cartan geometry. In
the Conclusion the basic results of the work are discussed, and the resulted Lagrangian of
the gravitational field is proposed, all gauge fields of the gravitational field gauge theory
considered allowing to be dynamically realized.
2. The Poincare´–Weyl group
Let spacetime M with a metric tensor g˘ has structure of a flat space which geometry is
defined according to F. Klein’s Erlangen program by the global definition of action of the
Poincare´–Weyl group PW(ω ε a) as a fundamental group (on E. Cartan’s terminology
[28]) of this geometry. The fundamental group determines geometry of space as system
invariants, that is relations and geometrical images, which remain constant in space at
4action of the given group (see [29]). The similar geometry arises in spacetime filled with
radiation and ultra relativistic particles. The space is flat, when curvature, torsion and
nonmetricity tensors are equal to zero at all space. Such type of spaceM is appropriately
to name as Minkowski–Weyl space.
On M a special system of coordinates xi (i = 1, 2, 3, 4) (analogue of the Cartesian
coordinates in Minkowski space) can be globally introduced, in which metric tensor com-
ponents are equal
gij = β
2gMij , β = const > 0 , g
M
ij = diag (1, 1, 1, −1) , (2.1)
where gMij are components of the metric tensor of Minkowski space.
We represent infinitesimal transformations of the group PW as follows:
δxi = ωmIm
i
j x
j − εxi + ai = −(ωm
◦
Mm + ε
◦
D + a
kPk)x
i , (2.2)
◦
Mm= −Im
l
j x
j ∂
∂xl
, Im
ij = Im
[ij] ,
◦
D= x
l ∂
∂xl
, Pk = − δ
l
k
∂
∂xl
. (2.3)
Introducing the generalized designation {ωz} = {ωm , ε , ak} for a set of parameters of
transformations of the given group, the transformation (2.2) is convenient to represent as
δxi = ωzX iz , X
i
m = Im
i
j x
j , X i = −xi , X ik = δ
i
k . (2.4)
where Iø
i
j = − δj
i, and ø is a symbol of empty set.
Operators
◦
Mm and Pk are generators of 4-rotations (Lorentz subgroup L4) and 4-
shifts (a subgroup of translations T4), and the operator
◦
D is a generator of dilatation (a
subgroup of dilatation D4) of the space M. The given operators satisfy to the following
commutation relations:[
◦
Mm ,
◦
Mn
]
= cm
q
n
◦
M q ,
[
◦
Mm , Pk
]
= Im
l
kPl , [Pk , Pl] = 0 ,[
◦
Mm ,
◦
D
]
= 0 ,
[
Pk ,
◦
D
]
= Pk ,
[
◦
D ,
◦
D
]
= 0 . (2.5)
Let an arbitrary field ψA is given on M, the infinitesimal transformation of which
under action of the group PW(ω, ε, a) looks like
δψA = ωmIm
A
Bψ
B + εwψA = ωzIz
A
Bψ
B , Iz
A
B = {Im
A
B , Iø
A
B} , Iø
A
B = wδ
A
B , (2.6)
where w is a weight of ψA under the action of the subgroup of dilatation D4. Operators
Im
A
B satisfy to commutation relations: Im
A
C In
C
B − In
A
C Im
C
B = cm
q
n Iq
A
B.
Action of group PW on metric tensor occurs as follows:
δgij = −ω
z Iz
l
i glj − ω
z Iz
l
j gil = − 2ω
z Iz(ij) = 2ε gij . (2.7)
5Components gij are not invariant under the action of PW . As a result of (2.1), under the
action of PW the following transformation holds, β2 −→ β2 + 2ε , δβ = εβ = ωzδøz β.
We introduce on M an arbitrary curvilinear system of coordinates {xµ} = {xµ(xi)}:
dxi =
◦
h
i
µdx
µ ,
◦
h
i
µ = ∂µx
i , ∂µ =
∂
∂xµ
. (2.8)
Then for metric tensor it is valid:
ds2 =
◦
gµν dx
µdxν ,
◦
gµν= g˘(~eµ , ~eν) = gij
◦
h
i
µ
◦
h
j
ν ,
◦
g= det(
◦
gµν) = det(gij) (
◦
h)
2 ,
◦
h= det(
◦
h
a
µ) . (2.9)
The curvilinear system of coordinates in flat space is introduced with the purpose to sep-
arate the problems connected with invariance of the theory under gauge transformations,
and the problems following from the requirement of covariance of the theory concerning
the group of the general transformations of coordinates. In works [5]–[7], [24], [25], the
curvilinear system of coordinates was not introduced before procedure of localization. As
a result, transformations of coordinates under action of gauge groups after localization
became the general transformations of coordinates that broke mathematical structure of
gauge groups.
As a result of (2.6) and (2.7), both ψA(x) and gij are not transformed as representation
of the subgroup of translations T4, but change under action of T4 only owing to transfor-
mation of argument xk. Therefore an action of the operator of shift on M, for example,
on a field ψA(x) (when δxk = ak) is realized as follows:
ψA(x+ δx) = ψA(x) + δxµ
∂
∂xµ
ψ(x) = ψA(x)− akPkψ
A(x) , (2.10)
Pk = −
◦
h
µ
k ∂µ ,
◦
h
µ
k
◦
h
k
ν = δ
µ
ν . (2.11)
Under the action of PW(ω , ε , a), variation δ¯ of a form of the field function ψA:
δ¯ψA = ψ′A(x)− ψA(x) = δψA − δxµ∂µψ
A = δψA + δxkPkψ
A =
= δψA + ωzXkzPkψ
A = δψA − ωzXkz
◦
h
µ
k∂µψ
A , (2.12)
commutes with the operator of differentiation. The following commutation relations hold:
[δ¯ , Pk] = 0 , [δ , Pk] = (Pkδx
l)Pl , (2.13)
which are valid owing to identities: δ
◦
hµk = −
◦
hµl
◦
h νk δ
◦
h lν and
δ¯
◦
h
l
ν = ∂νδx
l−
◦
h
l
µ∂νδx
µ − δxµ∂µ
◦
h
l
ν = 2∂[ν
◦
h
l
µ] δx
µ = 0 .
63. Noether theorem for the Poincare´–Weyl group
The field ψA on M is described in curvilinear coordinates by the action
J =
∫
Ω
(dx)L , L =
√
|
◦
g|L(ψA, Pkψ
A, β2gMij ) . (3.1)
Under transformations ofM under the action of the Poincare´–Weyl group (2.2), variation
of action integral with regard of change of integration area Ω is equal
δJ = δ
∫
Ω
(dx)L =
∫
Ω
(dx)
(√
|
◦
g| (∂µδx
µ)L+ δ
√
|
◦
g| L+
√
|
◦
g| δL
)
= 0 . (3.2)
In curvilinear system of coordinates, as consequence of (2.9) an equality holds, δ
√
|
◦
g| =
−
√
|
◦
g| (∂µδx
µ). Therefore (3.2) by virtue of randomness of area Ω means δL = 0:
δL =
∂L
∂ψA
δ ψA +
∂L
∂PkψA
δPkψ
A +
∂L
∂β
δβ = 0 .
Calculating the variations on the basis of (2.6)–(2.13) and using equality PkX
i
z = −Iz
i
k,
we receive as consequence of randomness of ωz the following identity:
∂L
∂ψA
Iz
A
Bψ
B +
∂L
∂PkψA
(Iz
A
BPkψ
B − Iz
l
kPlψ
A) +
∂L
∂β
β δøz = 0 . (3.3)
Here the latter term arises only for the subgroup of dilatation (when z = ø). Absence of
obvious dependence of the Lagrangian density (3.1) from xk yields the identity:
PkL =
∂L
∂ψA
Pkψ
A +
∂L
∂PlψA
PkPlψ
A . (3.4)
Identities (3.3) and (3.4) are ‘strong’ identities, which are satisfied independently of va-
lidity of equations of the field ψA. When these equations are fulfilled, the given identities
are equivalent to existence of conservation laws. Indeed, it is possible to represent the
variation of the action (3.2) as
δJ =
∫
Ω
(dx)
[
δL
δψA
δ¯ψA +
∂L
∂β
δ¯β + ∂µ
(
L
◦
h
µ
kδx
k−
◦
h
µ
k
∂L
∂PkψA
δ¯ψA
)]
= 0 , (3.5)
where the variational derivative has a standard structure. If the field equations, δL/δψA =
0, are fulfilled, the variation (3.5), with account of (2.1) and ∂µ
(√
|
◦
g|
◦
hµa
)
= 0, is equal
δJ =
∫
Ω
(dx)
(
∂L
∂β
δβ +
√
|
◦
g|
◦
h
µ
k ∂µ(a
ltkl + ω
mMkm + ε∆
k)
)
= 0 , (3.6)
7where designations for an energy–momentum tensor tkl, full M
k
m and spin S
k
m momemta,
and also for full ∆k and own Jk dilatation currents of the field ψA are introduced:
tkl = Lδ
k
l −
∂L
∂PkψA
Plψ
A , (3.7)
Mkm = S
k
m + Im
l
i x
i tkl , S
k
m = −
∂L
∂PkψA
Im
A
Bψ
B , (3.8)
∆k = Jk − xl tkl , J
k = −
∂L
∂PkψA
wψA . (3.9)
Parameters al, ωm and ε are constant, but arbitrary, and the area of integration Ω is
arbitrary. Therefore from identical equality to zero of a variation (3.6) with the account
(2.7), the following equalities follow in curvilinear system of coordinates:
Pk t
k
l = 0 , PkM
k
m = 0 ,
√
|
◦
g|Pk∆
k = β
∂L
∂β
. (3.10)
Equalities (3.10) are the result of the first Noether theorem. The first two equalities
yield the conservation laws of the energy-momentum tkl and the full momentum M
k
m of
the field ψA. For the conservation of the dilatation current ∆k it is necessary that an
additional condition ∂L/∂β = 0 is fulfilled as consequence of the equation of the field ψA
(about the dilatational invariant Lagrangians with explicit dependence on the parameter
β see [15], [30]).
Using the field equations, it is possible to show that the first equality (3.10) is equiv-
alent to the identity (3.4), and the second and the third equalities (3.10) are together
equivalent to the identity (3.3). Introducing designations Jkz = {S
k
m , J
k , 0} and
(ψ)
Θ
k
z = J
k
z +X
l
z t
k
l = LX
k
z −
∂L
∂PkψA
(Iz
A
Bψ
B +X lzPlψ
A) ,
it is possible to replace the equalities (3.10) by one equality
∂µ
(√
|
◦
g|
◦
h
µ
k
(ψ)
Θ
k
z
)
= β
∂L
∂β
δøz .
4. The principle of local invariance
We suppose now the group PW(ω , ε , a) as the localized group PW(x), that is we consider
its parameters {ωz} = {ωm , ε , ak} as arbitrary smooth enough (belonging to a class C2)
functions of coordinates ωz(x).
Consider invariance of action integral (3.1) under PW(x). Assuming the quantities
ωz(x) and ∂µω
z(x) as arbitrary and independent functions of coordinates, from (3.6) we
8obtain conditions tkl = 0 , M
k
m = 0 , ∆
k = 0. Thus action integral (3.1) is locally
invariant then and only then, when the conservations laws are valid by virtue of the
identical equality to zero of the appropriate currents (3.7)–(3.9).
It is possible to avoid this physically unsatisfactory result, if in the Lagrangian density
(3.1) enter some additional fields named gauged (or compensating) having that property,
that the additional members, arising in action integral (3.1) owing to transformation
of a field ψA under action of the localized group PW(x), will disappear by virtue of
compensating them by accordingly transformed gauge fields. Therefore gauge fields should
be transformed under action PW(x) as non-tensorial quantities extracting at this trans-
formation terms proportional a derivative from parameters of the group PW(x). In case
of the group PW(x), the new feature arises connected with the fact that in this case the
variation (2.7) is equal
δgij = 2ε(x)gij , (4.1)
where ε(x) is an arbitrary function. Therefore the metric becomes a function of a point
of spacetime and can be represented as
gij = β
2(x)gMij , (4.2)
that demands the account derivatives Pkβ(x) (β(x) > 0) in the Lagrangian.
The requirement of gauge invariance in application to the Poincare´ group has been
formulated in [6], [7] as some variational principle, which for a case of the localized
Poincare´–Weyl group we generalize as follows.
Postulate 1 (The principle of local invariance). An action integral
J =
∫
Ω
(dx)L(ψA, Pkψ
A, ARa , PkA
R
a , β(x) , Pkβ(x)) , (4.3)
where the Lagrangian density L describes a field ψA, interaction of a field ψA
with an additional gauge field ARa and the free field A
R
a , is invariant under
the action of the localized group PW(x), the gauge field being transformed as
follows
δARa = U
R
zaω
z + SRµza ∂µω
z , (4.4)
where U and S are some matrix functions.
This variational principle allows to apply to gauge theories the first and the second
Noether theorems and, in spite of a generality of the formulation, it is sufficient to deter-
mine a structure of the Lagrangian density L and to find the matrix functions U , S. In
9the present work we generalize on the gauge theory of the localized Poincare´–Weyl group
the method of construction gauge theories, developed in [15]–[17] for the Poincare´ group.
The gauge fields equations, as well as the equations of the field ψA, are derived on the
basis of a principle of stationary action, which should be chosen as the second postulate.
Postulate 2 (The principle of stationary action). The equations of the field
ψA and the gauge fields ARa realize an extremum of the action integral (4.3),
describing the field ψA, an interaction of the field ψA with the gauge field ARa
and the free gauge field ARa .
From physical reasons it is necessary to conclude, that the full Lagrangian density
L consists from the Lagrangian density L0 of free gauge fields and from the Lagrangian
density Lψ describing the free field ψ
A and the interaction of the field ψA with gauge
fields. Action integrals for each of these Lagrangian densities separately need to be locally
invariant, as it is natural to expect, that the gauge field can exist irrespective of the field
ψA. We formulate the given physical requirements as the third postulate of the theory of
gauge fields.
Postulate 3 (An independent existence of a free gauge field). The full La-
grangian density L of a physical system depends additively from the locally
invariant Lagrangian density L0 of free gauge fields: L = L0 + Lψ, where
L0 = L0(A
R
a , PkA
R
a , β(x) , Pkβ(x)) ,
∂L0
∂ψA
= 0 ,
∂L0
∂PkψA
= 0 .
Further we shall always assume, that interaction of the field ψA with gauge fields is
carried out only through connection with gauge fields, but not with their derivatives. In
other words, all derivatives from the gauge fields are contained only in the Lagrangian
density L0. The interaction satisfying this condition is accepted to name minimal. We
formulate this condition as the forth postulate of the gauge fields theory.
Postulate 4 (The principle of minimality of a gauge interaction). In the
Lagrangian density Lψ of an interaction of a material field ψ
A with gauge fields
only derivatives from the material field ψA are present. Thus the following
conditions are satisfied,
∂Lψ
∂PkARa
= 0 ,
∂Lψ
∂Pkβ
= 0 .
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The variation of the action integral (4.3) with regard to the variation of the area Ω
reads
0 = δJ =
∫
Ω
(dx) ((∂µδx
µ)L+ δL) =
∫
Ω
(dx)
(
δL
δψA
δ¯ψA +
δL
δARa
δ¯ARa +
δL
δβ
δ¯β
)
+
+
∫
Ω
(dx) ∂µ
(
L
◦
h
µ
k δx
k−
◦
h
µ
k
∂L
∂PkψA
δ¯ψA−
◦
h
µ
k
∂L
∂PkARa
δ¯ARa−
◦
h
µ
k
∂L
∂Pkβ
δ¯β
)
. (4.5)
As the action of the localized subgroup of dilatation D4 yields (4.1), the metric tensor
becomes a function and is subject to a variation. The principle of stationary action will
be satisfied, if the variational equations are valid,
δL
δψA
= 0 ,
δL
δARa
= 0 ,
δL
δβ(x)
= 0 . (4.6)
It is possible to show [15] that the latter of these variational field equations is a
consequence of the others. We assume that the equation of the field ψA is always valid.
According to the Postulate 3, the full Lagrangian density of a gauge field consists from the
Lagrangian density of a free gauge field and from the Lagrangian density of interaction.
For the separate interaction Lagrangian density the action integral is locally invariant,
but the variational equation of the gauge field ARa is not satisfied. The equation of the
field ARa is valid only for the full Lagrangian density L. In this last case on the basis of
(4.5), taking into account (4.6), (4.4) and putting quantities ωz(x), ∂µω
z(x), ∂µ∂νω
z(x)
as arbitrary and independent functions of coordinates, we obtain a fundamental set of
identities on extremals of the fields ψA, ARa and β(x):
∂µ(
◦
h
µ
kΘ
k
z) = 0 ,
◦
h
µ
kΘ
k
z − ∂νM
νµ
z = 0 , M
(νµ)
z = 0 , (4.7)
where the following designations are introduced with regard to (2.12), (2.4) and (4.4):
Θkz = LX
k
z −
∂L
∂PkψA
(Iz
A
Bψ
B +X lzPlψ
A)−
−
∂L
∂PkARa
(URza +X
l
zPlA
R
a )−
∂L
∂Pkβ
(βδøz +X
l
zPlβ) ,
Mνµz =
◦
h
ν
k
∂L
∂PkARa
SRµza . (4.8)
The equalities (4.7) represent the relations of the second Noether theorem written
down in curvilinear system of coordinates. It is easy to be convinced that the first of these
equality (representing the conservation law of the appropriate current) is a consequence
of two others. Thus it is shown, that introduction of gauge fields leads to a dynamical
realization of conservation laws. The quantity (4.8) represents a superpotential for the
appropriate conservation current.
11
5. Structure of the interaction Lagrangian
Following the method developed in [15], we introduce the differential operator MR:
MR = {Mm
A
B , Mø
A
B , Mk
A
B} , R = {m, ø, k} , (5.1)
uniting the operators of full momemtum, full dilatation current and shift:
Mm
A
B = Im
A
B + δ
A
B
◦
Mm , Mø
A
B = wδ
A
B + δ
A
B
◦
D , Mk
A
B = δ
A
BPk . (5.2)
Also let us represent the gauge field ARa as a set of three components:
ARa = {A
m
a , Aa , A
k
a} ,
where Ama is the gauge field appropriate to the subgroup of 4-rotations (r-field), Aa is
the gauge field of the subgroup of dilatation (d-field), and Aka is the gauge field of the
subgroup of translations (t-field) of the Poincare´–Weyl group.
The following theorem on the structure of the Lagrangian density Lψ of interaction of
an external field with the gauge fields, which represents a generalization on the Poincare´–
Weyl group PW(x) the appropriate theorem proved in [15] for a case of the Poincare´
group.
Theorem 1. There exists a gauge field ARa with transformation structure
(4.4) of Postulate 1 under action of the localized Poincare´–Weyl group PW(x)
and there are such matrix functions Z, U and S of the gauge field, that the
Lagrangian density
Lψ =
√
| g¯ |Lψ(ψ
A, Daψ
A, β(x)) ,
√
| g¯ | = Z
√
|
◦
g| , (5.3)
satisfies to the principle of local invariance (Postulate 1) concerning the lo-
calized group PW(x), Lψ being formed from the invariant concerning the
non-localized group PW Lagrangian density L(ψA Pkψ
A) by replacement of
the differential operator Pk on the gauge derivative operator
Da = −A
R
aMR , (5.4)
where the operator MR is given as (5.1). Also the following representation of
the gauge t-field is valid:
Aka = Dax
k . (5.5)
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Proof. Substituting in (5.4) the expression for the operator MR, we obtain according to
(5.1) and (5.2) the explicit form of a gauge derivative for the group PW(x):
Daψ
A = hµa∂µψ
A − Ama Im
A
Bψ
B − wAaψ
A = hµaDµψ
A , (5.6)
Dµψ
A = ∂µψ
A − AmµIm
A
Bψ
B − wAµψ
A . (5.7)
Here new quantities are introduced:
hµa =
◦
h
µ
kY
k
a , Y
k
a = A
R
aX
k
R = A
k
a + A
m
a Im
k
l x
l − Aax
k , Zak = (Y
−1)ak , (5.8)
haµ = (h
−1)aµ = Z
a
k
◦
h
k
µ , A
m
µ = A
m
a h
a
µ , Aµ = Aa h
a
µ . (5.9)
By analogy to section 3, we obtain the ‘strong’ identities expressing conditions of
invariance of the action integral for the Lagrangian density (5.3) under action of the
localized group PW(x). The variation of action integral is equal
δ
∫
Ω
(dx)Lψ =
∫
Ω
(dx)
(√
| g¯ | (∂µδx
µ)Lψ + δ
(√
| g¯ |
)
Lψ +
√
| g¯ | δLψ
)
= 0 . (5.10)
We introduce a quantity g¯µν (a tensor gab has values of the tensor gij (2.1)):
g¯µν = gabh
a
µh
b
ν = gabZ
a
kZ
b
l
◦
h
k
µ
◦
h
l
ν , g¯ = det(g¯µν) =
◦
g Z2 , Z = det(Zak) , (5.11)
and also demand that matrixes U and S in the gauge fields transformation law (4.4) were
those that for the quantity g in (5.11) the following equality would be satisfied:
δ
(√
| g¯ |
)
= −
√
| g¯ | (∂µδx
µ) . (5.12)
The proof of the existence of the quantity gµν with the specified property is given at the
end of the section.
Then the equality (5.10) by virtue of arbitrariness of the area Ω means δLψ = 0:
δLψ =
(
∂Lψ
∂ψA
)
Dψ=const
δψA +
∂Lψ
∂DaψA
δDaψ
A +
∂Lψ
∂β
δβ = 0 . (5.13)
Using (5.6), (5.8), (4.4), let us calculate a variation δDaψ
A and then substitute it and also
(2.6) and (4.1) into (5.13). In the identity received we collect factors before quantities
ωz(x) and ∂µω
z(x). In view of arbitrariness of these quantities these factors separately
should be equal to zero identically. The factor before ∂µω
z(x) is equal
∂Lψ
∂DaψA
(IR
A
Bψ
B +X lRPlψ
A)(SRµza − δ
R
z h
µ
a) = 0 .
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This equality is satisfied identically at
SRµza = δ
R
z h
µ
a . (5.14)
Look over various sets of indexes, we find values of an unknown matrix S:
Snµma = δ
n
mh
µ
a , S
nµ
ka = 0 , S
kµ
ma = 0 , S
lµ
ka = δ
l
kh
µ
a , (5.15)
Sµa = h
µ
a , Sm
µ
a = 0 , S
nµ
a = 0 , S
kµ
a = 0 , Sk
µ
a = 0 . (5.16)
Now we take into account that an algebraic structure of the scalar Lψ should satisfy
to the identity (3.3), which owing to the replacement of Pa by Da is equal(
∂Lψ
∂ψA
)
Dψ=const
Iz
A
Bψ
B +
∂Lψ
∂DaψA
(Iz
A
BDaψ
B − Iz
b
aDbψ
A) +
∂Lψ
∂β
βδøz = 0 .
Considering the given identity, let us write out the factor at ωz(x) in identity (5.13). As
a result, we obtain some expression, which identically is equal to zero at the following set
of matrixes U in the transformation law (4.4):
Unma = cm
n
qA
q
a − Im
b
aA
n
b , Uma = −Im
b
aAb , (5.17)
Una = A
n
a , Ua = Aa , U
n
ka = 0 , Uka = 0 , (5.18)
Ukma = Im
k
lA
l
a − Im
b
aA
k
b , U
k
ia = −In
k
iA
n
a + δ
k
i Aa , U
k
a = 0 . (5.19)
These expressions can be expressed in short as
URza = cz
R
QA
Q
a − Iz
b
aA
R
b , (5.20)
where each of the indexes R, Q, z can take the values of the each indexes m, k, ø,
and the commutation relations (2.5) of the Poincare´–Weyl group PW should be taken
into account. The expressions (5.14) and (5.20) found for an unknown function Z and
unknown matrix functions U and S, for which the Lagrangian density satisfies to identity
(5.10), prove the basic statements of the Theorem 1.
Now we shall prove the formula (5.5). Owing to (2.2), the quantity xk is transformed
as vector representation of the group PW , and, comparing (2.2) and (2.6), we find, that
w[xk] = −1. At calculation a gauge derivative Dax
k we use the formulas (5.6), (5.8), (2.2)
and (2.8):
Dax
k = hµa∂µx
k −Ama Im
k
lx
l − w[xk]Aax
k =
=
◦
h
µ
i(A
i
a + A
m
a Im
i
l x
l − Aax
i)∂µx
k −Ama Im
k
lx
l + Aax
k = Aka .
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The formula (5.5) clears up a geometrical sense of the gauge field of the subgroup of
translations. This formula generalizes on the Poincare´–Weyl group the similar formula,
which arises at the gauge approach for the Poincare´ group [15]–[17].
Let us find transformation laws of components of the gauge field under action of the
localized Poincare´–Weyl group PW(ω , ε , a). The general form of the transformation
law is determined on account of the principle of local invariance by the expression (4.4).
We break in this expression indexes R and z on three indexes concerning subgroups of 4-
rotations, dilatation and translations and substitute in these formulas the concrete values
of the matrix functions U (5.17)–(5.19) and S (5.15), (5.16). As a result we obtain the
general rules of transformations for the fields Ama , Aa and A
k
a:
δAma = ω
ncn
m
qA
q
a − ω
nIn
b
aA
m
b + εA
m
a + h
µ
a ∂µω
m , (5.21)
δAa = −ω
nIn
l
aAl + εAa + h
µ
a ∂µε , (5.22)
δAka = ω
n(In
k
lA
l
a − In
l
aA
k
l ) + a
l(−AnaIn
k
l + Aaδ
k
l ) + h
µ
a ∂µa
k . (5.23)
A variation of the quantity hµa is determined on the basis of formulas (5.8), the trans-
formation law1 of the quantity Y ka having been determined previously on the basis of the
variations (5.21)–(5.23):
δY ka = −ω
nIn
l
aY
k
l + εY
k
a + h
µ
a ∂µδx
k . (5.24)
As a result one finds
δhµa = −ω
nIn
b
a h
µ
b + εh
µ
a + h
ν
a ∂νδx
µ . (5.25)
At last, from (5.9) we find transformation rules of the quantities haµ, A
m
µ and Am:
δhaµ = ω
nIn
a
b h
b
µ − εh
a
µ − h
a
ν ∂µδx
ν , (5.26)
δAmµ = ω
ncn
m
qA
q
µ + ∂µω
m − Amν ∂µδx
ν ,
δAµ = ∂µε−Aν ∂µδx
ν .
After the geometrical interpretation of the theory (section 7) the quantity hµa will be
interpreted as a tetrad potential. We see, that at localization of the group PW (as well
as in case of the Poincare´ group [15]), the quantity hµa is not a gauge field because it is
transformed as tensor (in agree with (5.25) and (5.26)), against the gauge fields Ama , Aa
1The transformation law (5.24) is externally similar to the transformation law of gauge fields (4.4).
However, parameters of this transformation δxk do not bear in themselves (without their concrete defi-
nition) any information on the group PW(x). Therefore the quantity Y ka is impossible to consider as a
gauge field for the group PW(x). The quantity Y ka is closely connected with the tetrads h
µ
a.
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and Aka, which are transformed concerning the group PW(x) by non-tensorial rules. We
note, that in [11], [13] it was specified the fact, that tetrads are not true potentials of a
gravitational field.
We shall prove now validity of the formula (5.12) for components of the quantity gµν
determined by (5.11). Determined by formulas (5.15)–(5.19), the expressions for matrix
functions S and U yield the transformation law (5.26) for the quantity haµ. Owing to the
definition (5.11), we have
δ
(√
| g¯ |
)
=
1
2
√
| g¯ |
δ | g¯ |=
1
2
√
| g¯ |
| g¯ | gµνδgµν =
1
2
√
| g¯ | gµν(haµh
b
νδgab+2gabh
b
νδh
a
µ) .
Substituting here the expressions for variations of the quantities gab and h
a
µ from (2.7)
and (5.26), we find
δ
(√
| g¯ |
)
=
1
2
√
| g¯ | gµν
(
2ε(x)gabh
a
µh
b
ν + 2gabh
b
ν (ω
n(x)In
a
c h
c
µ − ε(x)h
a
µ −
−haσ ∂µδx
σ)
)
=
1
2
√
| g¯ | (8ε(x) + ωn(x)In
a
a − 8ε(x)− 2∂µδx
µ) = −
√
| g¯ | ∂µδx
µ .
Thus it is proved, that such matrix functions S and U exist, namely, given by the expres-
sions (5.15)–(5.19), for which the equality (5.12) is satisfied.
⊔
6. Free gauge field Lagrangian. Equations of gauge
fields
For definition of structure of the free gauge field Lagrangian for the group PW(x) we need
to find such functions of the gauge fields, which are transformed concerning the group
PW(x) as tensors. Knowing, that the gauge derivative Daψ
A is tensor, we calculate the
commutator of gauge derivatives of a field ψA:
2D[aDb]ψ
A = −FmabIm
A
Bψ
B + wFabψ
A − F cabDcψ
A .
The quantities Fmab, Fab and F
c
ab are tensors. They are defined by expressions
Fmab = 2h
λ
[a∂|λ|A
m
b] + A
m
c C
c
ab − cn
m
qA
n
aA
q
b , (6.1)
Fab = 2h
λ
[a∂|λ|Ab] + AcC
c
ab , (6.2)
F cab = C
c
ab + 2In
c
[aA
n
b] + 2A[aδ
c
b] , (6.3)
Ccab = −2h
c
τh
λ
[a∂|λ|h
τ
b] = 2h
λ
ah
τ
b∂[λh
c
τ ] .
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Besides, the following contraction of a gauge derivative is also a vector :
Qa = −g
bcDagbc = −h
µ
a g
bc∂µgbc − 2g
bcAzaIzbc = 8(Aa − h
µ
a ∂µ ln β(x)) . (6.4)
With the help of the variations of the gauge fields (5.21)–(5.23) and also of the variation
of the tetrads (5.25), (5.26), it is possible to show by explicit calculations that (6.1)–(6.3),
(6.4) are transformed as covariant quantities under action of the group PW(x):
δFmab = ω
n(cn
m
qF
q
ab − In
c
aF
m
cb − In
c
bF
m
ac) + 2εF
m
ab ,
δFab = −ω
n(In
c
aFcb + In
c
bFac) + 2εFab ,
δF cab = ω
n(In
c
dF
d
ab − In
d
aF
c
db − In
d
bF
c
ad) + εF
c
ab ,
δQa = −ω
nIn
b
aQb + εQa .
These tensor quantities contain derivatives from gauge fields only of the first degree,
therefore it is natural to name them as gauge field strengthes. For construction of the free
gauge field Lagrangian density it is necessary to use the scalars formed from the gauge
field strengthes. As a result we come to a conclusion about the structure of the free gauge
field Lagrangian density.
Theorem 2. The following Lagrangian density
L0 =
√
| g¯ |L0(F
m
ab, Fab, F
c
ab, Qa, β(x)) , (6.5)
where L0 is a scalar function formed from the gauge field strengthes (6.1)–
(6.3), (6.4), satisfies to the principle of local invariance.
A full Lagrangian density of a set of a field ψA and a gauge field is
L = L0 + Lψ , (6.6)
where L0 is given by the expression (6.5), and Lψ – by the expression (5.3). For the full
Lagrangian density (6.6) the variational gauge field equations (4.6) are satisfied:
δL0
δAma
= −
∂Lψ
∂Ama
,
δL0
δAa
= −
∂Lψ
∂Aa
,
δL0
δAka
= −
∂Lψ
∂Aka
,
δL0
δβ(x)
= −
δLψ
δβ(x)
. (6.7)
As it has been already pointed out, the latter of these variational field equations is a
consequence of the others. The right parts of these equations represent sources of the
gauge fields, which are calculated with the help of expression (5.3):
−
∂Lψ
∂Ama
=
√
| g¯ | (
◦
M
a
m + S
a
m) ,
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◦
M
a
m = Im
c
b x
b
(g)
t ac ,
√
| g¯ |Sam =
∂Lψ
∂DaψA
Im
A
Bψ
B , (6.8)
−
∂Lψ
∂Aa
=
√
| g¯ |∆a , ∆a = −xb
(g)
t ab + J
a ,
√
| g¯ | Ja =
∂Lψ
∂DaψA
wψA , (6.9)
−
∂Lψ
∂Aka
=
√
| g¯ |
(g)
t ak ,
√
| g¯ |
(g)
t ak = Z
a
l
(
Lψδ
l
k −
∂Lψ
PlψA
Pkψ
A
)
. (6.10)
Here
(g)
t ak is an energy-momentum tensor, S
a
m is a spin,
◦
M am is an orbital momenta of
an external field ψA [31], ∆a is full, and Ja is a proper dilatation currents of ψA [32].
The equations (6.7)–(6.10) allow to generalize on the localized group PW(x) the the-
orem on the sources of gauge fields, proved in [6], [15] for the localized Poincare´ group.
Theorem 3 (on the sources of gauge fields). Sources of the gauge fields
introduced by the localized Poincare´–Weyl group PW(x), are invariants of
the Noether theorem appropriate to the non-localized Poincare´–Weyl group
PW .
According to this theorem, the dilatation current ∆a of an external field (connected with
possible presence of a dilatation charge in nature [33]–[35]) arises as a source of the gauge
field in addition to the currents introduced by the localized Poincare´ group.
As an example let us consider a case, when an external field is a spinor field. Then,
according to the Theorem 1, a spinor field Lagrangian interacting with the gauge fields
of the Poincare´–Weyl group reads
Lψ =
√
| g¯ |Lψ , Lψ = ψ¯Aγ
aDaψ
A −mψ¯Aψ
A ,
where the gauge derivative Da is determined by expressions (5.6) and (5.8). We consider
the gauge fields as weak fields and pass to a Cartesian system of coordinates, for which
◦
h µa = δ
µ
a . Substituting the expressions for Da in the Lagrangian, we receive
Lψ = ψ¯Aγ
aD(t)a ψ
A −mψ¯Aψ
A + LψM + LψD , (6.11)
D(t)a ψ
A = Aka∂kψ
A −Ama Im
A
Bψ
B − wAaψ
A , (6.12)
LψM = A
m
a Im
k
l x
lψ¯Aγ
a∂kψ
A , LψD = −Aax
kψ¯Aγ
a∂kψ
A . (6.13)
Here the first term contains a derivative D(t)a ψ
A, which appears from (5.6) by exchange
the tetrads hµa for the translation gauge field A
k
a. This term contains a direct interaction
of a gravitational field with the spin momentum of ψA, which is standard for General
Relativity. The second term describes a direct interaction of the Lorentz gauge field with
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the orbital momentum of the spinor field. The third term describes a direct interaction of
the dilatation gauge field with the orbital dilatation current. Both these interactions are
absent in all those theories, in which the tetrads do not represent as (5.8), in particular,
in the theories advanced in [24], [25] and also in General Relativity.
Let us calculate the second term for example. To that end we calculate the expression
(6.10) for the energy-momentum tensor of the spinor field:
tak = Z
a
k Lψ − ψ¯Aγ
a∂kψ
A ,
and also use the expression for generators of vector representation of the group PW(x):
Iij
a
b = δ
a
i gjb − δ
a
j gib (m→ {i, j}, i < j) . (6.14)
As a result we obtain:
LψM = (1/2)A
ij
aM
a
ij , M
a
ij = xi t
a
j − xj t
a
i ,
where it is taken into account that Lψ = 0 by virtue of the spinor field equation.
The given interaction describes the effect, which will become apparent, in particular,
in a precession of electronic orbits under action of an external gravitational field and
theoretically can be used for detecting gravitational waves.
7. Interactions of gauge fields
Let’s consider a full group of gauge symmetries Γ(x), into which the group PW(x) enters
as a component of a direct product. As an example, we shall consider a group
Γ(x) = PW(x)
⊗
SU3(x)
⊗
U1(x) ,
where SU3(x) is the non-Abelian gauge color group of quantum chromodynamics, and
U1(x) is the gauge group of electrodynamics. Then, applying to the group Γ(x) the
general theory of gauge fields [15], we obtain, according to the Theorem 2, that a strength
tensor of a unified gauge field reads
FMab = 2h
λ
[a∂|λ|A
M
b] + A
M
c C
c
ab − cN
M
QA
N
a A
Q
b , (7.1)
where indexes M, N, Q run the values of indexes of all infinitesimal operators of all
components of the direct product. Further it is necessary to take into account, that the
various infinitesimal operators of components of the direct product commute. As a result,
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structural constants and a metric gMN of a group space, and also squares of the tensor
(7.1) break up to the blocks concerning everyone of a component of the direct product.
Then the gauge field strength tensor (7.1) will be represented as a set of components
FMab = {F
m
ab, F
i
ab, Fab}. Here a tensor F
m
ab concerns to the group PW(x) and is given
by the expression (6.1). A tensor F iab describes a color gauge field, and a tensor Fab
describes an electromagnetic field. These tensors are given by expressions
F iab = 2h
λ
[a∂|λ|A
i
b] + A
i
cC
c
ab − ck
i
lA
k
aA
l
b , Fab = 2h
λ
[a∂|λ|Ab] + AcC
c
ab , (7.2)
where ck
i
l are structural constants of the group SU3. Formulas (7.2) describe interaction
of color and electromagnetic fields with the gauge field of the group PW(x).
In connection with stated, it is erroneous to describe the given interactions by the
replacement of usual derivatives on gauge covariant ones:
F iab = 2D[aA
i
b] + A
i
cC
c
ab − ck
i
lA
k
aA
l
b , Fab = 2D[aAb] + AcC
c
ab , (7.3)
that it is often accepted to use.
8. Geometrical interpretation
Well-known, that the theory of gauge fields can be interpreted in terms of differential
geometry and of fiber bundles (see [1], [11]–[13], [36], [37] and the literature cited there).
Already in the paper of Weyl [19] a generalization of Riemann geometry to Weyl geometry
was found as a consequence of the requirement of invariance of the theory concerning local
change of scales. A fiber bundles treatment of Weyl geometry one can found in [38].
In [5]–[9], [15] it was shown, how as a consequence of localization of the Poincare´
group the Riemann–Cartan geometry arises. Let us show that the results of the previous
sections can be interpreted as a realization the Weyl–Cartan differential geometry on the
spacetime manyfold M. In a basis of the given geometrical interpretation there contains
the identification of the gauge derivative (5.7) and a covariant derivative on the spacetime
manyfold, and also the interpretation of a frame ~ea as an orthogonal frame of the space
(tangent to the manyfold M), in which the localized Poincare´–Weyl group operates:
~ea = ~eµh
µ
a , {~eµ} = {∂µ} , [~ea, ~eb] = −C
c
ab~ec , C
c
ab = 2h
λ
ah
τ
b∂[λh
c
τ ] . (8.1)
Thus the basis ~ea is a non-holonomic basis, and a quantity C
c
ab is an object of nonho-
lonomity [29]. The shift operator Pa is redefined: Pa = h
µ
a∂µ, [Pa, Pb] = −C
c
abPc, and
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represents the shift operator of a tangent space. The metric tensor gab appears to be a
metric tensor of a tangent space, which element of length is equal dxa = haµdx
µ. Then
the square of an element of length of this space will be equal
ds2 = gabdx
adxb = gabh
a
µh
b
νdx
µdxν = g¯µνdx
µdxν ,
that allows to interpret quantities g¯µν , calculated under the formula (5.11), as components
of a Weyl–Cartan metric tensor of spacetime manifold M in coordinate holonomic basis:
g¯µν = g˘(~eµ, ~eν) = g˘(~ea, ~eb) h
a
µh
b
ν = gabh
a
µh
b
ν = β
2 gµν , gµν = g
M
abh
a
µh
b
ν . (8.2)√
| g¯ | = β4
√
| g | = β4 h , g = det (gµν) , h = det (h
a
µ) . (8.3)
At such interpretation of the quantities g¯µν , the formula (5.12) becomes obvious. The
quantities gµν are the coordinate holonomic components of a Riemann–Cartan metric
tensor of spacetime manifold M. Two types of indexes, arising in the theory – tetrad
a, b, . . . and coordinate µ, ν, . . ., change each other by means of the quantities haµ, which
are interpreted as tetrads. It is generally conventional that contractions of quantities with
Greek holonomic indexes are performed with the Riemann–Cartan metric tensor gµν .
In the formula for a gauge derivative (5.7) it is necessary to use the expression (6.14)
for generators Im
A
B of a vector representation ψ
A = va of the Poincare´–Weyl group, a
weight of a vector field being equal w[va] = −1. Then, equating the expression for a
gauge derivative from a vector:
Dµv
a = ∂µv
a − AmµIm
a
bv
b + Aµv
a ,
to the expression for the covariant derivative of a vector in differential geometry: ∇µv
a =
∂µv
a + Γabµv
b, we find connection coefficients in non-holonomic basis:
Γabµ = −A
m
µIm
a
b + δ
a
bAµ . (8.4)
With the purpose to define a covariant derivative ∇µ for quantities with coordinate
indexes, it is postulated, that
∇λh
a
µ = ∂λh
a
µ + Γ
a
bλh
b
µ − Γ
ν
µλh
a
ν = 0 .
From this formula we find connection coefficients in holonomic coordinate basis:
Γλνµ = h
λ
ah
b
νΓ
a
bµ + h
λ
a∂µh
a
ν . (8.5)
According to (4.1), under action of the group PW(x) the metric tensor of a tangent
space is multiplied by an arbitrary function and can be represented as (4.2) [39]–[41].
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Calculating a variation of this expression (4.2) and comparing to a variation of the metric
tensor (4.1), we find that δβ = βε(x). Thus the field β(x) has the weight w[β(x)] = 1.
This field coincides with the scalar field introduced by Dirac [26], and can be represented
as β(x) = exp σ(x), where σ(x) is a dilaton field. The field β(x) is also similar to the
‘measure’ scalar field introduced by Utiyama [27]. In essence the field β(x) is a factor of
components of the tangent space metric tensor in Weyl–Cartan geometry.
It is known from differential geometry [29] that a nonmetricity tensor is equal
Qabµ = −∇µgab = −∂µgab + 2Γ(ab)µ .
Substituting here and also in (6.4) the expression (4.2), we obtain
Qabµ =
1
4
gabQµ , Qµ = g
abQabµ , Qµ = 8(Aµ − ∂µ ln β(x)) = Qah
a
µ . (8.6)
If the nonmetricity tensor satisfies to first two equalities (8.6) then nonmetricity is Weyl’s
nonmetricity. In this case a trace Qµ of the nonmetricity tensor is named Weyl vector, it
is expressed through the vector (6.4).
Let us introduce quantities
Fmµν = F
m
abh
a
µh
b
ν = 2∂[µA
m
ν] − cn
m
qA
n
µA
q
ν , (8.7)
Fµν = Fabh
a
µh
b
ν = 2∂[µAν] , (8.8)
F cµν = F
c
abh
a
µh
b
ν = 2∂[µh
c
ν] + 2In
c
ah
a
[µA
n
ν] + 2A[µh
c
ν] , (8.9)
which represent (together with (8.6)) the gauge field strengthes for a new set of dynamic
variables {Amµ, Aµ, h
a
µ, β(x)}.
Substituting in the curvature of spacetime manyfold the expression for connection
coefficients (8.4) and using the commutation relations of the generators of the Lorentz
subgroup and also (8.7), (8.8), we obtain a representation for the curvature tensor appro-
priate to known decomposition of the Weyl–Cartan curvature tensor on symmetric and
antisymmetric parts [29]:
R¯abµν = 2∂[µΓ
a
|b|ν] + 2Γ
a
c[µΓ
c
|b|ν] = −Im
a
bF
m
µν + δ
a
bFµν . (8.10)
Using (8.5) and taking into account (8.4) and (8.9), we obtain the expression for a
torsion tensor of spacetime manyfold:
T λµν = 2Γ
λ
[νµ] = 2h
λ
ah
b
[νΓ
a
|b|µ] + 2h
λ
a∂[µh
a
ν] = h
λ
aF
a
µν . (8.11)
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The relations (8.1), (8.4), (8.6), (8.10), (8.11) establish the connection between the
geometrical quantities of spacetime manifold and the relations of the gauge fields theory
for the localized Poincare´–Weyl group.
It is possible to obtain field equations by variation of the action integral for the general
Lagrangian density (6.6) with respect to dynamical variables {Amµ, Aµ, h
a
µ, β(x)}:
δL
δAmµ
= 0 ,
δL
δAµ
= 0 ,
δL
δhaµ
= 0 ,
δL
δβ(x)
= 0 . (8.12)
As it has been already pointed out, the last field equation is a consequence of the others.
The first of these field equations (8.12) can be represented as
∂ν
∂L0
∂Fmµν
=
1
2
√
| g¯ | (Sµ(0)m + S
µ
m) , (8.13)
√
| g¯ |Sµm = −
∂Lψ
∂Amµ
=
∂Lψ
∂DµψA
Im
A
Bψ
B ,
√
| g¯ |Sµ(0)m = −
∂L0
∂Amµ
= 2
∂L0
∂F nµν
cm
n
qA
q
ν + 2
∂L0
∂F cµν
Im
c
a h
a
ν . (8.14)
The second of these field equations (8.12) can be written down as follows
∂ν
∂L0
∂Fµν
=
1
2
√
| g¯ | (Jµ(0) + J
µ) ,
√
| g¯ | Jµ = −
∂Lψ
∂Aµ
=
∂Lψ
∂DµψA
wψA , (8.15)
√
| g¯ | Jµ(0) = −
∂L0
∂Aµ
= −2
∂L0
∂F aµν
haν − 8
∂L0
∂Qµ
. (8.16)
Third of these field equations (8.12) can be represented as:
∂ν
∂L0
∂F aµν
= −
1
2
√
| g¯ | (tµ(0)a + t
µ
(ψ)a) , (8.17)
√
| g¯ | tµ(ψ)a =
∂Lψ
∂haµ
= hµaLψ −
∂Lψ
∂DµψA
Daψ
A , (8.18)
√
| g¯ | tµ(0)a =
∂L0
∂haµ
= hµaL0 − 2F
m
aν
∂L0
∂Fmµν
− 2Faν
∂L0
∂Fµν
−
−2F baν
∂L0
∂F bµν
+ 2AmνIm
b
a
∂L0
∂F bµν
− 2Aν
∂L0
∂F aµν
−Qa
∂L0
∂Qµ
. (8.19)
The quantity (8.18) represents the known expression for the canonical energy-momentum
of an external field [9].
The quantities (8.14), (8.16) and (8.19) represent, accordingly, an internal spin mo-
mentum, a proper dilatation current and an energy-momentum of free gauge fields. These
currents are conserved in the sum with the appropriate currents of an external field ψA.
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The given conservation laws are simple consequences of the gauge field equations (8.13),
(8.15) and (8.17):
∂µ
(√
| g¯ | (Sµ(0)m + S
µ
m)
)
= 0 , ∂µ
(√
| g¯ | (Jµ(0) + J
µ)
)
= 0 ,
∂µ
(√
| g¯ | (tµ(0)a + t
µ
(ψ)a)
)
= 0 .
The field equations (8.13), (8.15) and (8.17) can be represented in a geometrical form
with the help of a notion of the gauge derivative (5.7), which however does not operate
on the Greek coordinate indexes:
Dν
(
∂L0
∂Fmµν
)
=
1
2
√
| g¯ |Sµm +
∂L0
∂F bµν
Im
b
ah
a
ν , (8.20)
Dν
(
∂L0
∂Fµν
)
=
1
2
√
| g¯ | Jµ −
∂L0
∂F aµν
haν − 4
∂L0
∂Qµ
, (8.21)
Dν
(
∂L0
∂F aµν
)
− Fmaν
∂L0
∂Fmµν
− F baν
∂L0
∂F bµν
−
−Faν
∂L0
∂Fµν
−
1
2
Qa
∂L0
∂Qµ
+
1
2
hµaL0 = −
1
2
√
| g¯ | tµ(ψ)a . (8.22)
These equations, the latter of which generalizes the Einstein equation to arbitrary Lag-
rangian, generalize the field equations for the Poincare´ group [15], [17].
By explicit calculations it is possible to prove the following theorem generalizing and
specifying the theorem, given in [15] for the Poincare´ group.
Theorem 4. The gauge field equations (6.7) obtained according to the prin-
ciple of stationary action for a set of fields {Ama , Aa, A
k
a, β(x)} are satisfied,
if and only if the variational field equations (8.12) are valid for a set of fields
{Amµ, Aµ, h
a
µ, β(x))} , provided that the tetrads h
a
µ are represented by the
formulas (5.8)–(5.9).
The given theorem shows that in those cases, in which the tetrads structure is insigni-
ficant, the various choice of dynamic variables specified in the theorem 4, results in dy-
namically equivalent theories. However, in some cases, for example, in a quantum theory
of gravitational field, in which use of true gravitational potentials is important, the given
tetrad structure can appear essential. In this case the choice as the dynamic variables the
quantities {Ama , Aa, A
k
a, β(x)} results in the theory, richer by the opportunities.
As analogy it is possible to point out a connection between metric and tetrad formula-
tions of a gravitational field theory. The tetrad theory of gravitation, though results to
the formulation equivalent for non-spinor matter to the metric theory of gravitation with
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respect to field dynamical equations, nevertheless is richer by the opportunities realized
at the spinor description in Riemann geometry.
9. Conclusion
On the basis of the general principles of the gauge fields theory the gauge theory for the
Poincare´–Weyl group was constructed. The abstract expression for the gauge derivative
was obtained: Da = −A
R
aMR. It was shown that, as against [24], [25], the tetrads are
not true gauge fields, but represent some sufficiently complex functions from gauge fields:
Lorenzian Ama , translational A
k
a and dilatational Aa, the relation A
k
a = Dax
k being valid.
It is possible to expect that the knowledge of the true gauge potentials of a gravitational
field appears essential at construction of the quantum theory of gravity.
The gauge fields equations, which sources are an energy-momentum tensor, spin and
orbital momenta, and also a dilatation current of an external field are obtained. A new
effect of the direct interaction of the Lorenzian gauge field with the orbital momentum of
an external field appears. A geometrical interpretation of the theory is developed and it
is shown that as a result of localization of the Poincare´–Weyl group spacetime becomes
a Weyl–Cartan space. Also the geometrical interpretation of the Dirac’s scalar field β
[26]) (and thereby of a dilaton field and also of the Utiyama measure scalar field [27])
as a component of the metric tensor of a tangent space in Weyl–Cartan geometry was
obtained. This field is necessary in construction a field theory in a Weyl–Cartan space
[42], [43].
The gauge invariant Lagrangian of the proper gauge fields is an arbitrary scalar func-
tion from the gauge strengthes of the theory containing derivatives from the gauge fields
not higher than the first order:
L0 =
√
| g¯ |L0(F
m
ab, Fab, F
c
ab, Qa, β(x)) ,
√
| g¯ | = β4 h , h = det (haµ) .
The most simple Lagrangian of such kind, allowing to all gauge fields to be realized
dynamically, can be constructed as
L0 = 2hf0β
4(Im
a
bF
m
a
b + fFmabFm
ab + ρF cabFc
ab + λFabF
ab + ξQaQ
a + ζF cacQ
a + Λ) =
2hf0
(
1
2
β2R¯ + 2fR¯[ab]µνR¯
[ab]µν + 4λ(∂[µAν])
2 + β2(ρTλµνT
λµν + 64ξAµA
µ + 8ζT µAµ)−
−8(ζT µ + 16ξAµ)β∂µβ + 64ξg
µν(∂µβ)(∂νβ) + Λβ
4
)
.
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Here R¯abµν is the Weyl–Cartan curvature tensor, R¯ is the Weyl–Cartan curvature scalar,
and the contractions of the Greek indexes are performed with the Riemann–Cartan metric
tensor gµν .
The given Lagrangian has some distinctive features. First, it reproduces the quadratic
Lagrangian of the Poincare´-gauged theories of gravity [7], [12], [15]. Second, these Lagran-
gian, despite the gauge invariance, permits the presence of nonzero mass of the Weyl vector
and therefore of the dilatation gauge field, in contrast to [24], [25]. This circumstance
means that the gauge field, introduced by localization of the group of scale transforma-
tions, is not an electromagnetic field (as against initial idea of Weyl and from [42]), but a
field of other nature, what was pointed to in [39]–[41]. A nonzero mass of the Weyl field
can play a positive role in interpretations of the modern observational data on the basis of
using post-Riemannian cosmological models [34], [35], and also for a possible explanation
of a graceful exit from a stage of inflation. Besides, the last terms with a field β(x) in
this Lagrangian have the structure of the Higgs Lagrangian [42] and can play a determin-
ing role at spontaneous violation of scale invariance and formation of mass of particles [30].
Authors thank I. V. Tyutin for fruitful discussion of results of the work.
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